ON PROJECTIVE SURFACES WITH 
COMPATIBLE WEYL STRUCTURE 



THOMAS METTLER 

Abstract. As a generalization of the Riemann metrizability problem 
for projective surfaces, the compatibility of Weyl and projective struc- 
tures on an oriented surface M is studied. It is shown that locally every 
smooth projective surface admits a compatible Weyl structure and that 
the Weyl structures which are compatible with the canonical flat pro- 
jective structure on the 2-sphere are in one-to-one correspondence with 
the smooth conies C C CP^ without real points. Moreover proving the 
converse of a result by Bryant, it is shown that every oriented com- 
pact surface which admits a positive Weyl-ZoU structure gives rise to a 
constant positive curvature Finsler structure on the 2-sphere with 2n- 
periodic geodesic flow. 



0. Introduction 

The existence problem for Riemannian metrics on a smooth manifold 
with prescribed geodesies is an interesting problem in the theory of over 
determined systems of differential equations. Here a geodesic is understood 
to be a minimizer of the Riemannian length functional. In particular, the 
geodesies come with no distinguished parameterization and are typically 
prescribed by a projective structure, i.e. an equivalence class [V] of affine 
connections on A^, where two such connections are said to be equivalent 
if they have the same geodesies up to parameterization. Note that for an 
affine connection V with torsion T, V— is an affine torsion- free connection 
with the same geodesies, hence we may only consider afhne connections with 
vanishing torsion, which is what will be done from now on. 

Although known for some time, the local Riemannian metrizability prob- 
lem has just been solved recently for real analytic projective surfaces [Ij. 
Picking up an idea by Roger Liouville, who first considered the problem in 
1889 [12], Bryant, Dunajsk and Eastwood determine the local conditions 
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for [V] which are necessary and sufficient for the existence of a local Rie- 
mannian metric g whose Levi-Civita connection is projectively equivalent 
to V. 

Unfortunately even for a projective surface the conditions are rather com- 
plicatecfl and require several pages if written out explicitly. It seems there- 
fore reasonable to consider a more general class of admissible connections 
than the ones of Levi-Civita. The class of connections the author proposes 
are the Weyl connections [15]: An affine torsion- free connection V on is 
called a Weyl connection if there exists a pair {g, (3) consisting of a smooth 
Riemannian metric g and a smooth 1-form /? on such that 

Vg = 2/? g. 

The factor 2 is a matter of convention and used to simplify later formulae. 
Note that for any smooth / : A^ — > M, V is also a Weyl connection for 
the pair {g^(3) = {e^^ g,(3 + df). Two such pairs {g,P), {g,/3) are therefore 
called equivalent and an equivalence class [g, /?] will be referred to as a 
Weyl structure. A Weyl structure is said to be exact or closed, if (3 is 
exact or closed. Conversely starting with a Weyl structure [5, pick any 
representative {g,f3), then the affine torsion- free connection given by 

(A, Y) ^ D^Y + g{X, Y)p* - P{X)Y - p{Y)X, 

is a Weyl connection for [g, /3] and in fact the only Weyl connection for 
[g,(3]- Here is the vector field dual to /? with respect to g. A Weyl 
structure [g, f3] is said to be compatible with a projective structure [V] if its 
Weyl connection is projectively equivalent to V. Clearly again one can try 
to find the conditions for [V] which are necessary and sufficient for the exis- 
tence of a compatible Weyl structure [g,fi]. The Riemannian metrizability 
problem is then just the special case where one additionally requests that P 
be exact. The reason for considering this more general problem is threefold: 
First, in the surface case the problem admits a natural reformulation using 
the framework of complex geometry. Second, the Weyl connections have re- 
ceived considerable attention in particular in combination with the so-called 
Einstein- Weyl condition (see for instance [6j and references therein). Third, 
certain Weyl connections (to be called Weyl-Zoll structures later on) in two 
dimensions, whose geodesies are simple closed curves give rise to Finsler sur- 
faces with constant positive Finsler-Gauss curvature and periodic geodesic 
flow. 

In this paper the author provides a local solution to the Weyl compat- 
ibility problem in the surface case with smooth differentiability and some 
global implications. More precisely the outline is as follows: 

In §1 we follow Cartan [7] in showing how one associates a Cartan geom- 
etry to an oriented projective surface (M, [V]). Cartan's construction will 



^Already the necessary condition is given by the vanishing of a projective invariant of 
order 5 which contains more than 1200 terms. 
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be illustrated using the canonical flat example, i.e. the projective structure 
induced by the standard constant curvature metric on the 2-sphere. 

In §2 we review basic notions of almost complex manifolds and the def- 
inition of the bundle of conformal inner products p : C{M) M whose 
sections are conformal structures on M. We will then use the Cartan geom- 
etry of (M, [V]) to construct a complex structure on C(M) and show that 
for the canonical flat example C{M) is biholomorphic to CP^ \ MP^. 

In §3 the main result of this article will be stated and proved. It will 
be shown that given a conformal structure [g] on (M, [V]), there exists a 
Weyl structure [g, (3] on M which is compatible with [V] if and only if [g] : 
M C(M) is a complex submanifold of C{M). From this it follows, that 
locally every projective surface admits a compatible Weyl structure. We 
then go on to show that there exists a one-to-one correspondence between 
smooth conies C C CP^ without real points and Weyl structures which are 
compatible with the canonical flat projective structure on the 2-sphere. 

In §4 we review elementary facts about Finsler and Zoll structures and 
introduce a natural notion of positivity for Weyl structures on oriented sur- 
faces. We then show that every positive Weyl structure on a compact ori- 
ented surface whose geodesies are simple closed curves, gives rise to a Finsler 
norm on the 2-sphere (unique up to isometry) with constant positive Finsler- 
Gauss curvature and 27r-periodic geodesic flow. This is a generalization of [3l 
Theorem 3] and the converse to [4, Prop. 6, Corollary 2]. 

Notation and conventions. Throughout the whole article all manifolds 
are assumed to be smooth, i.e. C°° and all their dimensions real. The letter 
M shall denote a connected surface, i.e. a 2-manifold. The letters i,j,k,l 
will be used as indices and run, unless stated otherwise, from 1 to 2. The 
imaginary unit will also be denoted by i since this should not cause any 
confusion. The Greek letter l shall denote an embedding of a manifold into 
another. In particular for a principal bundle vr : — > M with structure 
group H and right action fj, : B x H ^ B, : H ^ B is for every u £ B 
given hy h fj,{u,h). As usual for every h € H, Rh : B ^ B is given 
by u 1-^ //(ti, h). For an element v in the Lie algebra of H, the vector field 
belonging to the flow on B given by {u, t) ^ fj, {u, exp(tf )) will be called the 
fundamental vector field of v and denoted by . Note that the fundamental 
vector fields span the tangent space to the fibers of vr : S — > M. 

An exterior differential system (EDS) T on a manifold N consists of a 
finite collection {ai, . . . , a^} , A; G N of differential forms of possibly different 
degree on N. An integral manifold for the EDS 2 consists of a manifold S 
and an immersion f : T, ^ N which pulls-back to zero all elements of I. 
An EDS with independence condition (1, 11) consists of an EDS I together 
with a decomposable p-form 11 on N. An integral manifold of (T, 11) is an 
integral manifold of 2 with f*Il ^ 0. 

If / : S — > a one-to-one immersion, then the pair (/, S) is called a 
submanifold of N. 
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1. The Cartan geometry of an oriented projective surface 

It is a classical result due to Weyl [14j, that two affine connections V and 
V on a manifold N with the same torsion are projectively equivalent if and 
only if there exists a (unique) 1-form e G Q^{N) such that 



for every pair of vector fields X,Y on N. In more geometric terms ([T]) 
means that the parallel transports of projectively equivalent connections 
along any curve agree, when thought of as maps between projective space, 
thus justifying the name projective structure. 

Given two projective manifolds {Ni, [Vi]), (A2, [V2]) it is natural to ask 
for existence of diffeomorphisms ip : Ni ^ N2 which identify the projective 
structures. In order to solve this equivalence problem, Cartan [7j showed how 
to associate, what is nowadays called a Cartan geometry, to every projective 
manifold (A, [V]). 

Since in what follows, oriented projective surfaces will be considered. Car- 
tan's result will only be stated for this case. 

Let H C 5L(3,M) be the Lie group of matrices of the form 



The elements of H will be denoted by ha^b- Given an oriented projective 
surface (M, [V]), Cartan constructs a right principal iJ-bundle vr : i3 — > M 
together with a coframing 9 G r2"'^(S,sl(3, M)) for which 

(i) 9u : TuB 5[(3,M) is an isomorphism for every u & B, 

(ii) {Rh)*e = h-^eh, for every heH, 

(iii) 0{Xy) = V for every fundamental vector field of vr : B — > M. 

(iv) Moreover writing 



(1) 



VxY - VxY = e{X) Y + e{Y) X 
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the leaves of the fohation given by {^O'^i} project to geodesies 
on M and the vr-pullback of every positive volume form on M is a 
positive multiple of A 0q. 
(v) The curvature 2-form := dO + 9 f\9 satisfies 

/ Li el A el L2 el a el 
(3) e = 

\ 

for some smooth functions Lj : — > M. 
This Cartan geometry (vr : S — > M, e) is useful because of the following con- 
sequences: Suppose if : (Mi, [Vi]) — > (M2, [V2]) is an orientation preserv- 
ing diffeomorphisms of surfaces which identifies the projective structures, 
then there exists a unique -ff-bundle isomorphism (p : Bi ^ B2 cover- 
ing if (i.e. 7r2 o = o vTi and ip{u ■ h) = if{u) • h, u S Bi,h € H) for 
which (^*02 = ^1- Conversely every i7-bundle isomorphism F : Bi ^ B2 
with F*92 = ^1 is of the form F = (p for some orientation preserving diffeo- 
morphisms (/? : Ml — > M2 which identifies the projective structures. 

We will not review the whole construction of Cartan, but some informa- 
tion will be provided. Fore more details the reader can consult Cartan's 
paper or [10] for a more modern treatment. 

We begin by recalling some facts about A:-th order frame-bundles. Fix k G 
N, the A: -jet of a local diffeomorphism ip : Uq ^ N defined in a neighborhood 
of € M" will be called a k-frame at 9^(0) and denoted by Jq^P- The k-th 
order frame bundle r : F^N —>■ N is the bundle whose fiber at p ^ N consists 
of the fc-frames at p. The set G^{n) of A;-frames at G M" forms a group 
with multiplication 

jo/l-jo/2=Jo'(/l°/2), 

which acts on F^N on the right by 

JoV-Jo/ = J^(^o/). 

Coordinates x : U ^ M" on N induce coordinates on t~^{U) by sending a 
/c-frame jQ(p at p ^ U to the partial derivatives of x o at up to order k. 
Give F'^N and G^{n) the smooth structure which is compatible with these 
coordinates, then r : F^N ^ is a smooth right principal G'^(n)-bundle. 
If N is oriented, one can consider the bundle r+ : F^N N whose fiber at 
p ^ N consists of the 2-jets of local orientation preserving diffeomorphisms 
ip : Uq ^ N with ip{0) = p. Again r+ : F^N — s- is a right principal bundle 
with structure group G^(n) consisting of 2-jets of orientation preserving 
local diffeomorphisms of M" which fix the origin. Finally, note that every 
diffeomorphism iIj : Ni ^ N2 induces a principal bundle isomorphism ij)^ : 
F^Ni — > F^N2, Jq^p I— > Jo (v' ° V') covering ijj. 

Coming back to our oriented projective surface (M, [V]), the group H 
acts freely on the right on F^M by 
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Here fa,b is the orientation preserving, local projective transformation of M? 
given by 

X I— = — = d ■ X + ■ ■ ■ , a = (det a) a, 5 = (det a) b, 

1 + b ■ X 

which fixes the origin. By standard methods one sees that the quotient 
V{M) := F^M/H is a smooth bundle over M whose sections, as will be 
explained, are in 1-to-l correspondence with oriented projective structures 
on M. The section of the bundle P(M) M associated to the projective 
structure [V] on M is constructed as follows: Choose orientation preserving 
coordinates x : U — > and define the projective invariants 

where F^^ :[/—>■ R are the Christoffel symbols with respect to the coordi- 
nates X of any representative of [V]. Locally [V] can be recovered from the 
projective invariants H^^ by thinking of them as the Christoffel symbols of 
a representative with respect to the coordinates x. Conseqiicntly two afHne 
torsion-free connections on M arc projectivcly equivalent if and only if their 
Christoffel symbols in local coordinates give rise to the same functions 11^.^. 
Denote by {q\ql,ql.i) the coordinates on tI^^{U) induced by x, i.e. 

q\jiip) = {xo^y{0), 

qKji^)=di{xo^y{o), 

qil{ji<p)=dkdi{xo^y{0), 
and define the local section ax : U F^M via 

(4) q'oax=x\ 4°(^x = 5\, (iioax = -^,i. 

The section Gx composed with the natural projection onto V{M) gives a 
local section of the bundle V{M) M, which is independent of X, as can 
be shown with a tedious computation. Thus, a projective structure [V] on 
M determines a global section of the bundle V{M) —>■ M which is nothing 
but a reduction of the principal bundle r+ : F^M M with structure 
group H. This is Cartan's principal i7-bundle it : B ^ M. Conversely every 
section of V{M) M defines a projective structure on M. In fact, the fiber 
ofTTiB— >-MatpGM precisely consists of those 2-frames j^ip e F^M 
at p for which ip~^ o 7 has vanishing curvature at for every [V]-geodesic 7 
through p. 

For the construction of the 1-form 9 on B we remark that on F^M there 
exists a natural 1-form uj defined by 
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where 712,1 : F^M —>■ F^M is given by j^ip 1— > j^ip. The 1-form u> takes 



values in T i^^ F^R^, thus using the coordinates (s\s|,) : F ™ 



induced by the canonical coordinates of M , one can expand 

with some linearly independent 1-forms (u;*,^;^) on F'^M. Now let i : i? — s- 
F'^M denote the inclusion and define 

ei, := .V, ei := - ' ^= 

The canonical section ax '■ U ^ B associated to orientation preserving 
coordinates x : U — > M^, as constructed in (jj]), satisfies 

<. 0^ = dx\ al ei = Y, Ki dx\ al 6^ = 0, 
or in matrix form 

/ aiel alQl 

(5) a*j.d = dx^ —Kidx^ — K2dx'^ —K2dx^ — K^dx'^ 

\ dx^ Kodx^ + Kidx"^ Kidx^ + K2dx'^ 

with 

'^o := Til, 3ki := -Vli + 2TI2, 3^2 := —2T\2 + TI2, := — r22- 

For the proof of this fact and the construction of the remaining two forms 
9^, 02 we refer the reader to [7j or |10j . 

Example 1 (The canonical fiat projective structure). Let [V] be the projec- 
tive structure induced by the canonical constant curvature metric on the 
2-sphere S"^ equipped with its outwards orientation and (vr : B —>■ S'^,6) 
the corresponding Cartan geometry. Note that S'L(3,M) is a right principal 
-ff-bundle over S"^ with basepoint projection 

n : SL{3,R) 52 
9 = { 90 91 92) ^ X{9o), 

where A : \ {0} —^ S'^ denotes the canonical projection onto S*^ and an 
element g € 5^(3, M) is written as three column vectors (90, 9i, 92)- Now 
let : SL{3,M) B he the map which associates to 5 € SL{3,R) the 2-jet 
generated by the map A o where 

Then it turns out that is an ff-bundle isomorphism which pulls-back 9 to 
the Maurer Cartan form uj of 5L(3,R). In particular since div + oj A oj = 0, 
the functions Li : SL{3, M) — > M vanish. Oriented projective surfaces for 
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which the functions vanish are called projectively flat or simply flat. For 
a simply connected oriented projective surface (M, [V]) with dO + 9 AO = 0, 
there exists a smooth map (p : B ^ S'L(3,M), such that 9 = (p~^d(p and a 
smooth orientation preserving local diffeomorphism ip : M ^ S'^ which is a 
local equivalence of oriented projective surfaces. 

2. The bundle of conformal inner products and its complex 

structure 

2.1. The bundle of conformal inner products. Let y be a real n- 
dimensional vector space. A conformal inner-product on V is an equivalence 
class of inner-products on V, where two such inner-products are equivalent 
if one is a positive scalar multiple of the other. The set of conformal inner 
products on V will be denoted by C{V). We choose an isomorphism from 
V to M" and henceforth think of F as a smooth manifold and of the inner 
products on V as smooth Riemannian metrics on V which are invariant 
under arbitrary translations. The group GL~^{V) of orientation preserving 
automorphisms of V acts smoothly from the left on C{V) by 

9-[b] = [9*b], [b]eCiV), geGL+iV) 

Note that this action is transitive, since the Gram-Schmidt orthonormal- 
ization procedure is orientation preserving. Fix an element [bo] € C{V) 
and let its isotropy subgroup be denoted by Hq. Wc may identify C{V) 
with GL^{V)/Ho or by choosing a 6o-orthonormal basis for V with 
GL+{n,R)/Co+{n) where 

Co+(n) := {a G GL+(n, M) | aa* = cl,c e M+} , 

is the positive conformal group. Since Co"'"(n) is a closed Lie subgroup 
of GL+(n,R), we assume the quotient GL'^{n,M.)/Co'^{n) to be equipped 
with its natural smooth structure. 

Let A'^ be a smooth n-manifold and let p : C{N) N he the bundle of 
conformal inner products whose fiber at p G A is C{TpN). Using coordi- 
nates X : U ^ on N and their coordinate vector fields, p~^{U) can be 
identified with U x {GL~^{n, ]R)/Co"'"(n)), as explained above. Give C{N) the 
smooth structure for which these identifications are smooth trivializations, 
then p : C{N) ^ N is a smooth fiber bundle with fiber GL+{n,'R)/Co+{n). 

A section of the bundle p : C{N) ^ N oi conformal inner products will be 
called a conformal structure and denoted by [g]. Obviously this is not the 
usual definition of a conformal structure as an equivalence class of global 
Riemannian metrics, but these notions are easily seen to be equivalent. 

2.2. The notion of an almost complex structure. Recall that an al- 
most complex structure on a 2n-manifold A is a smooth vector-bundle au- 
tomorphism J : TX — > TX with = —Idxx- A smooth complex valued 
1-form on A is a (1, 0)-form of J if a{Jv) = i a{v) for every vector v € TX. 
The (l,0)-forms on X will be denoted by J^(i'°)(A, C). If ^ = (ai, . . . ,a„)*. 
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ak G Vl'^^'^\X, C) is a basis for the (1, 0)-forms of J, then the entries oi g ■ A 
for some smooth g : X ^ GL{n,C) is also a basis for the (l,0)-forms 
of J and J is uniquely determined by such a basis. The almost complex 
structure J is called integrable or simply complex, if X admits a (unique) 
complex structure {{Up, •Zp)}pgR for which the forms {dZp, . . . , dz^), p ^ R, 
are a basis for the (1, 0)-forms of J on Up. 

It follows from the Newlander-Nirenberg theorem that J is integrable if 
and only if for every (local) basis (ai,...,Q;„) of (l,0)-forms of J, there 
exist complex valued 1-forms {Trki}2i=i, such that dak = Yli^ki A ai (see 
for instance [9]). 

Let (X, J) be a complex manifold. A real submanifold f : N ^ X \s 
called a complex submanifold if (J o f')(TpN) = f'(TpN) for every p ^ N . 

Lemma 1. Let {X,J) be a complex A-manifold, /Ui,/i2 G Q.'^'^'^\X,C) a basis 
for the (1, 0)-forms and f : T, ^ X a 2 -submanifold with 

r(K(/ii)A9(/ii))/o. 

Then f is a complex submanifold if and only if f*{fJ-i A /i2) = 0. Moreover 
through every point p G X passes such a complex submanifold. 

Proof. Write /ii = r?i + irj2, = + ^^4, Hi for the vector fields dual to 
r]i, i = 1, . . . ,4 and Wi for the vector fields dual to f*r]i, i = 1,2. Define 

fik ■■= Viif'iWk)) : S ^ M, 

then fii = f22 = 1, /i2 = /21 = and the condition for / to be a complex 
submanifold is equivalent to /42 — /31 = and /41 + /32 = 0. This last 
condition is again equivalent to 

/*(m A r/3 - r/2 A 774) = and /*(r?i A 774 + 772 A r/3) = 

or /*(^i A^2) = 0. 

For p & X given, let 93 : f/p — > ~ be local p-centered holomorphic 
coordinates and ei = ip'p{Hi{p)),e2 = v?p(i?2(p)) G TqW^ ~ W^. Note that 
since J{Hi{p)) = H2{p), we have j(ei) = 62, where j : — > is the 
canonical complex structure on induced by the identification ~ M^. 
Define 

/ : ^ M^, (j;i, 2:2) 1-^ a:^iei + ^262, 

then / is holomorphic thought of as a map from C ^ C^. Now / = Lp~^ o f 
restricted to a suitable neighborhood of € is a complex submanifold 
of N with /(O) = p and /o(ToR2) = R{Hi{p),H2ip)}. In particular this 
implies that /*(//i A 112) is non- vanishing at 0, hence also in a neighborhood 
of G M^, which is all there is to show. □ 

2.3. A canonical complex structure on C(M). Let P C H he the closed 
Lie subgroup consisting of matrices of the form 

/ det(a)^i b 
\ a 
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with 6* E M? and a G Co^(2). The quotient H/P is diffeomorphic to 
GL+(2,E)/Co+(2). Consider the smooth map 

u: B ^ C{M), jQip ^ [{ip*gE)^{o)] , 

where qe t-S the Euchdean standard metric of M^. 

Lemma 2. The map u : B ^ C{M) makes B into a right principal P-bundle 
overC{M). 

Proof. Since P is a closed Lie subgroup of H, it is sufficient to show that i' 
is a smooth surjection whose fibers are the P-orbits, i.e. 

^{Ul) = 1'{U2) <^=^ Ul = U2 ■ P y Ui,U2 G B,p £ P. 

Clearly v is smooth. Suppose v{jQip) = v{jQ(p) for some elements Jq^^Jq^p G 
B. Then these two elements are in the same fiber of vr : i? ^ M, hence 
there exists ha^b G H such that JqC^ = j^ip ■ ha^ and 

(6) c{ip^gE)^(^o) = {i'P° fa,b)^9E)^^Q) c{gE)o = {a^gE)o 

where a E GL+(2,M) is the linear map x i— > detaa • x and c G M^. This is 
equivalent to a being in Co'^{2) or ha^ G P- In other words, the v fibers 
are the P-orbits. Surjectivity follows from the fact that GL"'"(2,R) acts 
transitively on C(M^) as was argued before. □ 

We win now use the forms ai := 6q + iO^ and 02 := (6*2 + 91) + 1(^2 ~ ^i)) 
to define an almost complex structure on C{M). The vector fields dual to 
the coframing 9 will be denoted by G 3C(P), i.e. 

9i(T^)=5'Hku i,j,k,l = 0,1,2. 
The Lie algebra p of P consists of matrices of the form 

-2ai 61 62 
oi —02 
02 ai 

for some real numbers 01,02,^1, 62- Recall that the Cartan connection 9 
satisfies 9{Xy) = v for every fundamental vector field G X{B) of vr : 
B ^ M and hence also for every fundamental vector field of : P — > C{M). 
Writing 9 again as in equation ([2]) gives for instance 

/ -2 
9 {T^ + t|) = 10 
\ 1 

therefore the vector fields T^, T^, - Tf, + are a basis for the funda- 
mental vector fields of : P — C{M) and hence also a basis for the vectors 
which are tangent to the fibers of u. It follows that the the forms ai,a2 are 
v- semi-basic, i.e. they vanish on vectors tangent to the fibers of v. 
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Lemma 3. There exists a unique complex structure on C{M) such that a 
complex valued 1-form fi G Q^{C{M),C) is of type (1,0) if and only if u* ^jl 
is a linear combination o/ {01,02} with coefficients in C°^{B,C). 

Proof For ^ G TC{M) define 

m ■■= y' {^Qimi + Qimi - \{ei - e\m{Ti + rf )+ 

where G TB satisfies ^'{Cj = Any other vector in TB which is mapped 
to ^ under v' is of the form (RpYl^) + x for some p (z P and x ^ kerz^'. 
Using the identities 

{Rp)*e = p~^ Op, uoRp = u, p£P 

and the fact that 01,02 are z/-semi-basic, it follows from straightforward 
computations that J is a well defined almost complex structure on C{M) 
which has all the desired properties. Moreover the structure equations ([3|) 
imply 

dai = {-36^ + i {29\ + 6*^)) A oi + {-Ol + 2iel) A 02, 

da2 = [el - ie\) ^al + i{e\- el) a 02, 

and hence, by Newlander-Nirenberg, J is integrable. Clearly such a complex 
structure is unique. □ 

Summarizing this section we have proved the 

Theorem 1. Let (M, [V]) he an oriented projective surface and (vr : S — > 
M, e) its Cartan geometry. Then the map u : B ^ C{M), j^if i— s- [{^*gE)ip(o)] 
makes B into a right principal P-bundle over C{M). Moreover C{M) pos- 
sesses a unique complex structure such that a complex valued 1-form /x G 
n^{C{M),C) is of type (1,0) if and only if is a linear combination of 
el + iel and {el + ef) + i{el - e\) with coefficients in C°°(5, C) . 

Remark. In the case of a even dimensional projective manifold (A^, [V]), a 
similar construction gives rise to an almost complex structure on the bundle 
of complex structures of N . This almost complex structure was first con- 
structed in [13] without using the Cartan geometry of a projective manifold. 
The advantage of the above construction is its projective invariance, which 
is missing in the original construction. 

Example 1 (Continued). For the canonical flat projective structure on M = 
consider the smooth map r : 5 = 5L(3,M) ^ CP^ \ RF^ given by 

(50 91 92) ^ [(50 X 51) + KdQ X 92)] ■ 

Somewhat messy but simple computations show that r is a surjection whose 
fibers are the P-orbits and which pulls back the (l,0)-forms of CP^ \ MP^ 
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to linear combinations of 6l + iOQ and (6'| + Of) + — 6'|). It follows 
that in the flat case case C{M) is biholomorphic to CP^ \ MP^ Recall that 
the basepoint projection in the flat case is given by vr : 5L(3,M) S"^, 
(90,91,92) I— > 50/II90II where || || denotes the Euclidean standard norm on 
M^. Therefore p : CP^ \ MP^ 5^ is given by 

\z\ I— > . 

^ ^ ||Kz X 

Here 3? and 9 denote the real and imaginary part of complex numbers and x 
the cross-product. 

3. The compatibility problem reformulated and consequences 

FOR the flat example 

3.1. The compatibility problem and complex submanifolds. In this 
section we will relate complex submanifolds of C{M) to the Weyl compati- 
bility problem. 

Since M is a surface, every conformal structure [(7] : M — > C{M) admits 
local orientation preserving isothermal coordinates x : U with respect 

to which [gp] is represented by the identity matrix for every p £ U. The 
canonical section ctx '■ U ^ B associated to the coordinates x, as defined in 
dlj), has the crucial property that the diagram 



B 



C{M) 

[9]\u 




U 

commutes. To see this note that for every p £ U, the first order coordinates 
with respect to x of the jet (Jxip) are by definition given by 5j and for 
jQif € B, the components of the inner product (v'*fl'£;)i/j(o) with respect to 
the same coordinates x are given by 

9.U = {^.9e) [q^.,q^) = 9E [-^ , ^ j im) 

(8) / \i / \i\ 

= Y,U[{xo^)-') afe((xoc^)-i) Uxo^){o) = Y,4vL 

where v\ is the inverse of the matrix dk{x o (^)*(0), i.e. the matrix of first 
order coordinates with respect to x of the jet j^ip. Therefore the matrix 
representation of {v o ax){p), with respect to the coordinates x, is also the 
identity matrix. 

We will now relate conformal structures [g] : M — > C{M), which are 
complex submanifolds of C(M) to an exterior differential system on B. 

Lemma 4. Let [g] : M ^ C{M) be a conformal structure on M and x = 
: [/ — > local orientation preserving isothermal coordinates for [g]. 
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Then the canonical section cTx '■ U B, associated to x, is an integral 
manifold of the EDS with independence condition (I, IT) given by 

X := l^g, dai,ai A 02} , 11 := 5R(ai) A 3'(ai), 

if and only if [g]\u ■ U ^ C{M) is a complex submanifold. 

Proof. Let s : p^^(U) ^ B he a. local section of the bundle u : B ^ C{M) 
and let /ii := s*ai, ^2 ■= s*a2 be a local basis for the (1, 0)-forms on p^^(U). 
Note that such sections exist since the principal bundle H — > H/P is trivial. 
Now 

i^Vfc = {so v)*ak = Rtak 
for some smooth function t : 7r^^({7) P. Write the elements oi P <Z H in 
the form 

\ ^{z) j 

for some complex numbers z 7^ and w. Then the property = h~^9h, 
which holds for every h ^ H, gives together with a short computation 

(9) r; f"0 = f -/ 

^ ' P^'™ \ a2 J \ iwjz z/z J \ 012 J 

Using ([9]) it follows 

V* pi = Aiai, V* P2 = Moil + A3a2, 

for some smooth functions : t[^^{U) — > C with A1A3 7^ 0. With the 
formulae ([5|) and the commutativity of the above diagram we get 

a* (3?(ai) A 9(ai)) = dx^ A dx^ + 0, 

a*dai = d{dx^ + idx"^) = 0, 

<eo = 0, 

and 

(10) {[gWuTlJ'i = {vo CTxTlJ-i = (T*(Aiai) = (Ai o ax){dx^ + idx^) / 0, 

which shows that ([51] |(/)*($ft(/Ui) A ^ 0. Therefore according to 

Lemma [H [g\\u ■ U — > C{M) is a complex submanifold if and only if 

{[aWuTilJ'i A ^2) = (i^ o A ^2) = (A1A3 o a^) cr*x{ai A 02) = 0, 

which finishes the proof. □ 

The EDS of the above Lemma |4] precisely governs the Weyl compatibility 
problem for an oriented projective surface. 

Proposition 1. Let (M, [V]) he an oriented projective surface with Cartan 
geometry (vr : i? — >■ M, 9) and [5] : M — > C{M) a conformal structure. Then 
the following two statements are equivalent 

(i) There exists a Weyl structure [g, (3] which is compatible with [V] . 



14 



T. METTLER 



(ii) The canonical section cTx '■ U ^ B associated to any local orientation 
preserving isothermal coordinate chart x = (x"'^,x^) : U —^M?of 
[g] is an integral manifold of the EDS with independence condition 

(i,n) 

I := {9^,dai,ai Aa2} , IT := A 

Proof, (i) ^ (ii): The only part which is not an immediate consequence 
of dS]) is that cr*{ai A 02) = 0. By definition the coordinates x : U ^ E? 
satisfy g = e^^ x*gE for some smooth function / : [/ ^ M. On U we have 
[g, f3] = [g, P] with g = x*gE and (3 = {(3 - df)\u. Write 

{j3-df)\u = r^dx^ +r'^dx'^, 

for smooth r^, : ?7 ^ M. The Christoffel symbols with respect to x of the 
connection + g ® P"^ are given by F^^ = r^5ki- The compatibility 

DS+g0P*]= [V] 

then implies that the functions : [/ — > M with respect to x of [V] satisfy 
3ki = K3 = —r , 3k2 = kq = r , 

so with ([U it follows 

(T*(ai A 02) = (3ki — K3)dx^ A dx^ + z(3k2 — Ko)(ix^ A dx^ = 0. 

(ii) =^ (i): Let x : U ^ M?, he local orientation preserving isothermal 
coordinates for [g] and : U B the corresponding section which is an 
integral manifold of the above EDS. Then g\u = ^"^^ x*gE for some smooth / : 
[/ — R. Since Gx is an integral manifold, the projective invariants Ki : U ^ 
R with respect to x satisfy 3ki = K3 and 8^2 = kq- On U define the 1-form 

P := —K^dx^ + Kodx'^ + df, 

then [fi'lc/,/?] is a Weyl structure on U which is compatible with [V]. Let x : 
U ^ he another local orientation preserving isothermal coordinate chart 
for [g] overlapping with U. Writing g\Q- = e'^^x*gE for some smooth / : 
U ^ M. and ki : U ^ M. for the projective invariants of [V] with respect to 
X, then again [fflj/, /3] with P := —k^dx^ + R^dx^ + d/ is a Weyl structure on 
U which is compatible with [V] . On U CiU we have 

[D^ + g® P*] = [V] = [DS + g(S) p*], 

using Weyl's result ([1]), this is equivalent to the existence of a 1-form e on 
U nU such that 

D'^^Y + g{X, Y)P* = D^Y + g{X, Y)~P* + e{X)Y + e{Y)X 

for every pair of vector fields X, Y on UOU. In particular the choice of a basis 
of orthonormal vector fields with respect to g implies e = 0. Thus P = P 
on U f] U and P therefore extends to a well defined global 1-form which 
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proves the existence of a global Weyl structure [g,P], which is compatible 
with [V]. □ 

Summarizing the results found so far we have the main 

Theorem 2. Let [g] be a conformal structure on the oriented projective 
surface (M, [V]). Then there exists a Weyl structure [g,P] on M which is 
compatible with [V] if and only if [g] : M C{M) is a complex submanifold. 

Proof. This follows immediately from Lemma H] and Proposition [TJ □ 

Remark. The proof of the Proposition [1] shows that every complex submani- 
fold [5] : M — > C{M) uniquely determines a compatible Weyl structure [g, (3]. 
Theorem [2] therefore gives a bijection between the Weyl structures which are 
compatible with the projective structure of an oriented surface and sections 
of the fiber bundle p : C{M) M which are complex submanifolds. Note 
also that a conformal structure [g] on an oriented surface determines a unique 
complex structure whose holomorphic coordinates are given by orientation 
preserving isothermal coordinates for [g] . It follows with (jlOp that the above 
theorem can be reformulated as: 

Theorem 2'. Let [g] be a conformal structure on the oriented projective 
surface (M, [V]). Then there exists a Weyl structure [g,(3] on M which is 
compatible with [V] if and only if [(7] : M — > C{M) is holomorphic with 
respect to the complex structure on C{M) and the complex structure on M 
induced by [g] and the orientation. 

As a corollary we have that 

Corollary 1. Every projective surface (M, [V]) locally admits a compatible 
Weyl structure [g,f3] for a flat Riemannian metric g. 

Proof. Since the statement is local we may assume that M is oriented. For 
a given point p E M, choose q G C{M) with p{q) = p and a coordinate 
neighborhood Up. Let pi,p2 be a basis for the (l,0)-forms on p~^{Up) 
as constructed in Lemma [H Using Lemma [J there exists a complex 2- 
submanifold f : T, ^ p~^ (Up) passing through q for which 

r(5i(/ii)AS5(^i))/o. 

Since the tt : B ^ M pullback of a volume form on M is a nowhere vanishing 
multiple of 9q A 9q, the p pullback of a volume form on Up is a nowhere 
vanishing multiple of 9?(/Ui) A Q{pi) and hence p o / : S ^ f/p is a local 
diffeomorphism. Composing / with the locally available inverse of this local 
diffeomorphism one gets a local section of the bundle of conformal inner 
products which is defined in a neighborhood of p and which is a complex 
submanifold. With Theorem[2]it follows that [V] locally admits a compatible 
Weyl structure [g, /?] for a Riemannian metric which we can assume to be 
flat. □ 
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3.2. Weyl structures compatible with the flat example. In this sub- 
section Theorem [2] will be used to study the Weyl structures which are 
compatible with the canonical flat projective structure on the 2-sphere. 

Theorem 3. The Weyl structures which are compatible with the canonical 
flat projective structure on the 2-sphere are in one-to-one correspondence 
with the smooth conies (i.e. a smooth algebraic curves of degree 2) C C CP^ 
without real points. 

The proof can be adapted from [21 Theorem 9] , the reason for this will be 
explained in §4. For the moment we give the full argument for the reader's 
convenience. 

Proof. Suppose [g, /5] is a Weyl structure on S'^ which is compatible with 
the canonical flat projective structure. Then by Theorem [2] and Example 
[T] [g] : — > CP^ \ MP'^ is a complex submanifold and hence by Chow's 
Theorem C := [g]{S'^) C CP^ \MP^ is a smooth algebraic curve whose genus 
is 0, since its the image of the 2-sphere under a section of a fiber bundle. 
Note that by standard results of algebraic geometry the genus g and degree d 
of a smooth plane algebraic curve satisfy the relation 

g = ^{d-l){d-2). 

It follows that C is either a line or a conic. Since every line in CP^ has a 
real point, C must be a conic. 

Conversely let C C CP^ be a smooth conic without real points. In order 
to show that C is the image of a smooth section of p : CP^\Mp2 5^, which 
is a complex submanifold, it is sufficient to show that p\c : C — > 5*^ is a 
diffeomorphism. The fiber of p : CF^RF^ ^ S"^ at u = {ui,U2, us)* G 5^ is a 
subset of the real line U1Z1+U2Z2+U3Z3 = 0. Smoothness of C implies that C 
cannot contain p~^{u) as a component and since a conic in CP^ without real 
points does not have any real tangent lines, it follows from Bezout's theorem 
that C intersects p~^{u) transversely in two distinct points. This implies 
that /9|(7 : C — > 5^ is a submersion and hence by the compactness of C and S'^ 
a covering map which is at most 2-to-l. But since C is diffeomorphic to S"^, p 
must restrict to C to be a diffeomorphism onto S"^. Hence {p\c)~^ '■ S"^ 
CP^ \ MP^ is a smooth section and complex submanifold whose image is C . 
According to Theorem [2] this section determines a unique Weyl structure 
which is compatible with the canonical flat projective structure. □ 

4. Constant curvature Finsler surfaces and Weyl-Zoll 

structures 

4.1. Finsler, Zoll and Weyl structures. 

4.1.1. Finsler structures. Roughly speaking a Finsler structure on a mani- 
fold is a Banach norm on each tangent space varying smoothly from point 
to point. Instead of specifying the norm one can also specify the norm's 
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unit vectors in each tangent space. In what fohows we restrict ourselves to 
oriented Finsler surfaces and borrow definitions and conventions for Finsler 
structures from [2]: 

A Finsler structure on an oriented surface M is a smooth hypersurface 
C TM for which the basepoint projection vr : S ^ M is a surjective 
submersion having the property that for each p ^ M the p-fiber Sp = 
= SnTpM is a closed, strictly convex curve enclosing the origin Op G 
TpM. A smooth curve 7 : [a,h] — > M is said to be a S-curve if 7(t) G S 
for every t € [a,h\. For every immersed curve 7 : [a, 6] M there exists 
a unique orientation preserving diffeomorphism ip : [0, L] [a, 6] such that 

:= 'y o is a S-curve. The number L € M"*" is the 'S-length of 7 and the 
curve (p : [a,b] T, is called the tangential lift of 7. Note that in general 
the S-length may depend on the orientation of the curve. 

Cartan has shown how to associate a coframing to a Finsler structure 
on an oriented surface M |8j: Let S C TAI be a Finsler structure. Then 
there exists a unique coframing uj = (101,102,^3) of S with dual vector fields 
(PFi, W25W^3) which satisfies the structure equations 

cIlOi = — W2 a 0^3 , 

dL02 = - A (Wl - Ii02), 

dios = — (KuJi — Clos) a UJ2, 

for some smooth functions I,C,K : T, — > M. Moreover the vr-pullback of 
any positive volume form on M is a positive multiple of wi A 102 and the 
tangential lift of any S-curve 7 satisfies 

7*u;2 = 0, "y*(^i = dt. 

One can show that a S-curve 7 is a Ti-geodesic, i.e. a critical point of the 
S-length functional, if and only if its tangential lift satisfies 7*0^3 = 0. The 
integral curves of Wi therefore project to S-geodesics on M and due to this 
the flow of Wi is called the geodesic flow of S. 

Let S C TM and S C TM be two Finsler structures on oriented surfaces 
with coframings uj and u). An orientation preserving diffeomorphism : 
M ^ M with ip'iTi) = S is called a Finsler isometry. It follows that for a 
Finsler isometry {ip'\Y:)*ui = to and conversely any diffeomorphism ^ : S — > S 
which pulls-back (D to w is of the form ip = cj)' for some Finsler isometry 
: M ^ M. 

Example 2. Let {M,g) be an oriented Riemannian 2-manifold. Then the 
unit tangent bundle U^M := {v G TM \ \\v\\g = 1} C TM defines a Finsler 
structure on M whose first two coframing forms are explicitly given by 

(loiUO := g{K{0,v), {u;2UO-=9{<iO,J{v)), CenUSM. 

Here vr : U^M — > M denotes the basepoint projection and J : TM TM 
the rotation of tangent vectors by tt/2 in positive direction. The third 
coframe form to^ is known as the Levi-Civita connection form. A smooth g- 
unit-speed curve 7 on M satisfies 7*1^3 = kgdt where kg denotes the geodesic 
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curvature of 7. For a Riemannian Finsler structure the functions I, C vanish 
identicahy whereas K is constant on the fibers of vr : U^M M and 
therefore the 7r-pullback of a function on M which turns out to be the 
Gauss-curvature of g. Finally note that n* fi = toi A UI2 where // denotes the 
area form of M with respect to g and that the flow of W3 is 27r-periodic. 

Since in the Riemannian case the function K is simply the Gauss-curvature, 
it is usually called the Finsler- Gauss- curvature. In general K need not be 
constant on the fibers of vr : S ^ M. 

4.1.2. Zoll projective structures and Weyl-Zoll structures. These structures 
generalize the notion of a Zoll metric whose geodesies are required to be sim- 
ple closed curves: A projective structure [V] an a manifold is called Zoll 
if the image of every maximal geodesic of [V] is an embedded circle. A Weyl 
structure whose Weyl connection gives rise to a Zoll projective structure will 
be called a Weyl-Zoll structure. 

4.1.3. Positive Weyl structures. A Weyl structure [5, /9] on an oriented sur- 
face M is said to be positive if the 2-form {5(3 + i?)^ is a positive area form. 
Here i? : M ^ M denotes the Gauss-curvature, 5 the co-differential and /x the 
area form with respect to a representative (g, {3). It is easy to check that the 
above definition is independent of the chosen representative and the orienta- 
tion. Clearly every Riemannian metric on an oriented surface with positive 
Gauss-curvature gives rise to a positive Weyl structure. Note also that for 
any representative (5, (3) of [g^ [3] with unit tangent bundle vr : U^M M 
and coframe (uji, 002,^3) we have 

d{7r*{*(3) - L03) = 7T* {{6(3 + R)fi) , 

where * denotes the Hodge star with respect to g. 

4.2. A duality theorem. The reason why the proof of Theorem [3] is es- 
sentially the same as the one of [2, Theorem 9] is the following duality result 
which generalizes |3[ Theorem 3] and provides the converse to ^ Prop. 6, 
Corollary 2] : 

Theorem 4. Every positive Weyl-Zoll structure on a compact oriented sur- 
face gives rise to a K = 1 Finsler structure on the 2-sphere (unique up to 
isometry) with 2'K-periodic geodesic flow. Conversely every K = 1 Finsler 
structure on a compact oriented surface with 2'K-periodic geodesic flow gives 
rise to a positive Weyl-Zoll structure (unique up to diffeomorphism) on the 
2-spher^. 

Proof. Let M be a compact oriented surface with positive Weyl-Zoll struc- 
ture [g,(3]. Pick any representative {g,(3) and let vr : U^M — > M denote the 
unit tangent bundle with respect to g. The canonical coframe on U^M as 



After I have written up Theorem 4 I was informed by Robert L. Bryant that he has 
announced closely related results at the ICM 2006 (see his forthcoming paper [5])- 
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explained in Example [2] will be denoted by {ai,a2,ct3)- Then the 1-forms 
uji G n^iU^M) given by 

LJi := 7r*(*/3) - as, 



UJ2 ■= [WSP + R] O TT 02 



■^3 \ \/S/3 + R] O TT ai 



satisfy the structure equations 

diOi = —UJ2 A ^3, 
(11) dui2 = -1^3 /\ {oJl - IUJ2), 

duJs = -{uJi- Cws) A UJ2, 

for some smooth functions /, C : U^M M. Moreover they parallelize 
U^M and have the property that the leaves of the foliation T := {001,002}^ 
are tangential lifts of maximal oriented geodesies of the projective structure 
[V] := [D9 + g® 13*]. Since [V] is Zoll, it follows with [IH Prop. 2.6], 
that there exists a smooth surjection r : U^M — > S"^ whose fibers are the 
leaves of .F, i.e. the space of oriented geodesies of [V] is diffeomorphic to the 
2-sphere. Consider the map 

Then by [SJ Prop. 1] immerses each r-fiber U^Mp = T~'^{p) as a curve 
in TpS"^ that is strictly convex towards Op. The number of times ip{U^Mp) 
winds around Op does not depend on p. We will argue next, that this number 
is 1 and conclude that ip{U^M) is a Finsler structure on S"^. The composition 
of ip with the canonical projection onto the projective sphere bundle STS'^ := 
(r52 \ {0}) /R+ win be denoted by if. Note that If is an immersion, thus 
a local diffeomorphism and by compactness of U^M and connectedness of 
STS^ a covering map. But by [111 Prop. 2.9], M must be diffeomorphic to 
5^, hence U^M and STS'^ are diffeomorphic to S0{3) and have fundamental 
group Z2. It follows that is a diffeomorphism which implies that (p is 
one-to-one and therefore by [2, Prop. 2] f{U^M) is a Finsler structure 
on S*^. Moreover 5^ can be oriented in such a way that the (/9-pullback of 
the canonical coframing induced on (p{U^M) agrees with (wi, u;2) "^3)- In 
particular this implies that the Finsler structure satisfies K = 1 and has 
27r-periodic geodesic fiow. It remains to show that another representative 
{g, (3) of [g, (5] gives rise to an isometric Finsler structure. Let g = e^^g 
and P = P + df for some smooth function f : M ^ R, Oi e Q^iU^M), 
i = 1, 2, 3 the corresponding 1-forms and v : U^M — > U^M be the canonical 
diffeomorphism which rescales a g-unit vector to a y-unit vector. Then 
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standard formulae imply 

* — fon 

V a\ =e' ai, 

z/*q;3 =03 + Tr*{-kdf). 

It follows that i'*Liji = uJi for i = 1,2,3 and hence the Finsler structures 
induced by {g,(3) and are isometric. 

The converse statement is already contained in [3]. However we give an 
explicit proof for the sake of completeness. Let E C TM he a K = 1 Finsler 
structure on the compact oriented surface M with 27r-periodic geodesic flow 
(/) : S xR ^ S. As was shown in [H Prop. 3] no generality is lost if we assume 
M to be diffeomorphic to the 2-sphere and hence S to be diffeomorphic to 
SO{3). The Cartan coframe will be denoted by (wi, a;2, ws) and the dual 
vector fields by (1^1,^2,^3). By [U Prop. 5], the S'^-action on E 

ve'* ■.= (l){v,t) 

is smooth, free and proper. It follows that there exists a smooth surface A 
and a smooth surjective submersion A : S ^ A which makes A : S ^ A 
into a right principal S'^-bundle whose fibers are the leaves of the foliation 
T := {iAj2,uJ3}^. This circle-bundle has the exact homotopy sequence 

• • • ^ 7ri(Si) ^ 7ri(50(3)) ^ 7ri(A) ^ 7To{S') ^ • • • 

i.e. 

>Z^Z2^TTl{A) ••• 

In particular 7ri(A) = Z2 or 0, but since A is compact and orientable it must 
be diffeomorphic to S"^. The structure equations of a Finsler K = 1 structure 
show that the symmetric 2-tensor a;2 ^ ^2 + (X) lo^ and the 2-form L03 A 0^2 
are invariant under (p. Hence there exists a unique Riemannian metric g on 
A for which A*^ = uj2 ^2 + ^3 ^^3 and a unique area form /i on A for 
which A*// = UJ3 Au!2- The same arguments as before show that the map 

: S ^ TA 

^ a; {Ws{v)) 

is an embedding which sends S to the total space of the unit tangent bundle 
vr : U^A A. Let (0)1,0)2,033) € ^^{U^A) denote the (/9-pushforward of the 
Cartan coframe of S and {ai, 02,0:3) € ^^{U^A) the canonical coframe 
of U^A with respect to the orientation induced by fi. By construction 
= o;3 and 1^*02 = 0^2 • The structure equations then imply 1^*03 = 
Iu!2 + Co;3 — u!i, where Io;2 + Co;3 = X*f3 for some smooth 1-form /3 on A. 
Consequently Coi = vr*/? — 03, C02 = 02 and dcbi = 0)3 A 0)2. This shows 
that the Weyl structure [g, — -kg /3] is positive and that the geodesies of its 
Weyl connection are simple closed curves, since they are the A-projections of 
the Finsler structure unit circles. The pushforward of {g, /3) to 5^ with any 
diffeomorphism -0 : A — > 5^ gives the desired positive Weyl-Zoll structure 
on the 2-sphere. □ 
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